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Abstract
In this paper we classify the symbols of the linear differential operators of order k, which
act from the module C∞(ξ) to the module C∞(ξt), where ξ : E(ξ) → M is vector bundle over
the smooth manifold M , bundle ξt is either ξ∗ with fiber E∗ := Hom(E,C) or ξ♭ with fiber
E♭ := Hom(E,ΛnT ∗) and C∞(ξ), C∞(ξt) are the modules of their smooth sections. To find
invariants of the symbols we associate with every non-degenerated symbol the tuple of linear
operators acting on space E and reduce our problem to the classification of such tuples with
respect to some orthogonal transformations. Using the results of C. Procesi, we find generators
for the field of rational invariants of the symbols and in terms of these invariants provide a
criterion of equivalence of non-degenerated symbols.
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1 Introduction
This paper is a continuation of the work [1], where the equivalence problem of the linear differ-
ential operators acting on the smooth sections of the vector bundles, was studied.
The study of invariants of the linear differential operators is important and has a lot of
applications in various areas of mathematics. The first work of this area belongs to Bernard
Riemann, who discovered the curvature of the second order scalar differential operator, defined
by its symbol.
In the present paper we discuss the problem of classification for symbols of linear differential
operators, acting in vector bundles.
Namely, we consider two vector bundles ξ : E(ξ)→M and ξt : Et(ξt)→M over the smooth
manifold M of dimension n with the modules C∞(ξ) and C∞(ξt) of their smooth sections
(we provide all constructions over the complex field C and the real field R) and the modules
Diffk(ξ, ξ
t) of the linear differential operators of order k. Here vector bundle ξt is one of two
possible bundles:
• ξt = ξ∗ : Hom(ξ,R)→M
• ξt = ξ♭ : Hom(ξ,Λnτ∗)→M , where Λnτ∗ is the bundle of differential n-forms on manifold
M .
Each operator ∆ ∈ Diffk(ξ, ξ
t) acts from the first module to the second one, i.e. ∆: C∞(ξ)→
C∞(ξt). Note that the classification of the linear differential operators itself (see [1]) consists
of two parts. In the first, “algebraic”, part the invariants of the symbols of operators are con-
structed, and in the second, “geometric”, part the canonical connection, associated with the
differential operator, is defined, and using these connections and the procedure of quantazation
the invariants of symbols are prolonged to invariants of the operators. The aim of this paper
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is the realization of the first, “algebraic” part of this scheme, in general situation of arbitrary
k-th order symbols of differential operators ∆ ∈ Diff k(ξ, ξ
t).
Let us fix a point a ∈M and consider the value of the symbol of differential operator at this
point. Then the symbol of a linear differential operator ∆ ∈ Diffk(ξ, ξ
t) becomes a tensor σ(∆),
which could be viewed as a fiber-wise homogeneous k-form on the cotangent space T ∗ = T ∗aM
with values in the space Hom(E,Et), where E = ξ−1(a) and Et = (ξt)−1(a) are the fibers
of bundles ξ and ξt correspondingly. The group of automorphisms of bundle ξ, that preserve
the point a, acts on the space of such symbols in the following way: on space T ∗ it acts by
linear transformations (this action naturally prolongs to the action on the space SkT ∗ on the
space of homogeneous k-forms), and on Hom(E,Et) it acts by left-right mutliplications, i.e. we
consider the group GL(T )×GL(E). Note that the action of group GL(E) has non-trivial kernel
{±1} ≃ Z2. So we study the action of group G := GL(T )× (GL(E)/Z2).
To find G-invariants of the symbols σ : SkT ∗ → Hom(E,Et), we use the special case of the
so-called first fundamential theorem in classical invariant theory, which describes the invariants
of the linear action of the classical groups on the system of linear operators acting on some vector
space. In our situation we need the special case of this theorem, which was proved by C. Procesi
(see [2]). This result of Procesi works with the actions of orthogonal and symplectic groups on
the tuples of linear operators and describes the generators of corresponding invariant field. We
have to consider the field of rational invariants instead of traditional algebra of polynomial
invariants, because the action of the center {λ ·1} ⊂ GL(E) on space Hom(E,Et) is non-trivial,
so there are no polynomial invariants in our problem.
Using the Procesi invariants for the tuples of linear operators, we construct the set of rational
invariants, which separate the regular G-orbits of the symbols and hence, according to Rosenlicht
theorem, generate the field of rational invariants. It is interesting to note that our invariants
are defined not on the space T ∗, and even not on the space SkT ∗, but on the space
(
SkT ∗
)
×N
,
where N =
(
n+k−1
k
)
.
2 Notations and definitions
In this section we provide necessary definitions and notations for linear differential operators
acting on the smooth sections of the vector bundles.
2.1 Basic definitions
Let ξ : E(ξ) → M be vector bundle of rank m over the smooth n-dimensional manifold M .
Denote by τ : TM →M and τ∗ : T ∗M →M the tangent and cotangent bundles over manifold
M . Their symmetric powers we denote by Skτ and Skτ∗ respectively. Also consider the trivial
bundle 1 : R×M →M .
Modules of the smooth sections of bundles ξ, Skτ , Skτ∗ and 1 will be denoted as C∞(ξ),
Σk(M) := C
∞(Skτ), Σk(M) := C∞(Skτ∗) and C∞(M) respectively.
Now we take the two vector bundles ξ, ξt and the corresponding modules. The module of
linear differential operators of order ≤ k will be denoted by Diffk(ξ, ξ
t).
Factor-module Smblk(ξ, ξ
t) := Diffk(ξ, ξ
t)/Diff k−1(ξ, ξ
t) is called the symbol module, and
the image σk(∆) ∈ Smblk(ξ, ξ
t) of the linear differential operator ∆ ∈ Diff k(ξ, ξ
t) after the
canonical projection smbl : Diffk(ξ, ξ
t)→ Smblk(ξ, ξ
t) is called the symbol of ∆.
It is also known, that Smblk(ξ, ξ
t) ≃ Hom(ξ, ξt)⊗ Σk(M).
From now on we fix a point a ∈ M and consider the restriction values of symbols at this
point. So by a symbol we mean a tensor σ ∈ Hom(E,Et)⊗SkT , or, in another terms, the linear
map σ : SkT ∗ → Hom(E,Et). Here E = ξ−1(a) and Et = (ξt)−1(a) are the fibers of bundles ξ
and ξt over point a and T = τ−1(a) is the tangent plane to manifold M at point a.
2
Group G := GL(T )×(GL(E)/Z2) acts on the module Smbl(ξ, ξ
t) by linear transformations:
the first part GL(T ) acts by linear transformations on the base T , which prolong to the linear
transformations of the symmetric power SkT ∗, and the second part GL(E)/Z2 acts by left and
right shifts on the fibers E and Et: if σq := σ(q) ∈ Hom(E,E
t) is the image of homogeneous
k-form q ∈ SkT ∗, then the action is
A ◦ σq = A
−tσqA
−1,
where A ∈ GL(E)/Z2, t is the dual operation and A
−t := (A−1)t. We classify the symbols
σ : SkT ∗ → Hom(E,Et) with respect to this action.
3 Invariants
In this section we provide the construction of the rational invariants for the action of our group
G on the space Smbl(ξ, ξt) of symbols.
We consider the following cases:
• Et = E∗ := Hom(E,R)
• Et = E♭ := Hom(E,ΛnT ∗)
These two cases are based on the same construction. Namely, we reduce our problem to
classification of the tuples of linear operators with respect to conjugations by orthogonal group.
The following result belongs to C. Procesi (see [2]).
Theorem 1. Let V be a Euclidian vector space with symmetric form g, X1, . . . , Xℓ ∈ Hom(V )
be the tuple of linear operators on V , and group Og(V ) acts on such tuples by conjugations.
Then the algebra of polynomial invariants for such action is generated by the polynomials
tr(Yi1 . . .Yis), associated with non-commutative monomials Yi1 . . .Yis of the length s ≤ 2
dimV −
1, where Yij = Xij or (Xij )g (the dual operator with respect to the symmetric bi-linear form g).
The similar result holds also for the symplectic group.
Theorem 2. Let V be a symplectic vector space with skew-symmetric form ω, X1, . . . , Xℓ ∈
Hom(V ) be the tuple of linear operators on V , and group Spω(V ) acts on such tuples by
conjugations. Then the algebra of polynomial invariants for such action is generated by the
polynomials tr(Yi1 . . .Yis), associated with non-commutative monomials Yi1 . . .Yis of the length
s ≤ 2dimV − 1, where Yij = Xij or (Xij )ω (the dual operator with respect to the skew-symmetric
bi-linear form ω).
We apply the Procesi theorems for the special tuples of linear operators associated with the
symbols σ : SkT ∗ → Hom(E,Et) and get the set of rational functions on copies of SkT ∗. Thus
we “kill” the action of the group GL(E)/Z2.
3.1 Preparation
Let E and T be two vector spaces and Et is one of two dual spaces: either E∗ = Hom(E,C) or
E♭ = Hom(E,ΛnT ∗), where n = dimT and ΛnT ∗ is the space of exterior n-forms.
For x ∈ E and u ∈ Et denote by 〈x, u〉 = 〈u, x〉 the paring of the elements x ∈ E and u ∈ Et,
so in case Et = E∗ one has 〈·, ·〉 : E×E∗ → R, and in case Et = E♭ one has 〈·, ·〉 : E×E♭ → ΛnT ∗.
Let b ∈ Hom(E,Et) be a linear operator. Then the dual operator bt ∈ Hom(E,Et) is defined
be relation 〈bx, y〉 = 〈x, bty〉, for all x, y ∈ E.
Also we identify this map with bi-linear form 〈bx, y〉, x, y ∈ E, with the values in C or R
(when Et = E∗) or in ΛnT ∗ (when Et = E♭).
We denote this form also by b, so b(x, y) = 〈bx, y〉 and b(y, x) = 〈btx, y〉 for all x, y ∈ E.
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Let b ∈ Hom(E,Et) be a reversible bi-linear form and A ∈ End(E) be the linear operator.
We define the b-dual linear operator Ab as follows: b(Ax, y) = b(x,Aby) for all x, y ∈ E.
Note, that
〈bAx, y〉 = b(Ax, y) = b(x,Aby) = 〈bx,Aby〉 = 〈(Ab)
tbx, y〉,
so
Ab = (bAb
−1)t = b−tAtbt.
The bi-linear forms bs :=
b+bt
2 and ba :=
b−bt
2 give us the splitting of bi-linear form b in the
sum of symmetric and skew-symmetric parts.
Assume, that bi-linear form b and its symmetric part bs are reversible. Then we associate
with bi-linear form b two linear operators
Hb, Sb ∈ End(E), Hb := b−tb, and Sb := b−1s ba.
There is the following relation between these two operators:
Sb = (b+ bt)−1(b− bt) = ((b−1)tb+ 1)−1(b−1)tbt((b−1)tb− 1) = (Hb + 1)−1(Hb − 1).
Moreover,
Hb = (1 + Sb)(1 − Sb)−1
and
Sbbs = b
−1
s (S
b)tbs = b
−1
s (−ba)(b
−1
s )
tbs = −S
b,
(Hb)−tbs,a(H
b)−1 = b(b−1)t
b± bt
2
b−1bt =
b± bt
2
= bs,a.
Therefore, operator Hb preserves both forms bs and ba,
Hb ∈ Obs(E) ∩ Spba(E).
We have the following actions of the group GL(E) on the space End(E) of linear operators
and on the space Hom(E,Et) of bi-linear forms by the following relations:
A ◦ X = AXA−1 and A ◦ b = A−tbA−1, (1)
where A ∈ GL(E), X ∈ End(E) and b ∈ Hom(E,Et) is a bi-linear form.
Then,
HA◦b = (A ◦ b)−t(A ◦ b) = (Ab−tAt)(A−tbA−1 = A(b−tb)A−1 = A ◦ Hb.
In similar way we get
SA◦b = A ◦ Sb.
We call bi-linear form b non-degenerated, if b and bs are reversible and operator spectrum
of operator Sb is simple (i.e. all eigenvalues of Sb are distinct).
The following theorem is valid.
Theorem 3. 1. Two non-degenerated bi-linear forms b and b˜ are GL(E)-equivalent if and
only if symmetric forms bs and b˜s are GL(E)-equivalent and operators S
b and S b˜ are GL(E)-
equivalent.
2. Field of rational GL(E)-invariants of bi-linear forms is generated by functions tr(Sb)k,
where k ≤ dimE is even.
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Proof. The first part of the theorem immediately follows from the Prochesi theorem 1 and the
relation ba = bsS
b. To prove the second part note that the codimension of the general GL(E)/Z2-
orbit of bi-linear form equals
[
1
2 dimE
]
, so the field of rational GL(E)/Z2-invariants of bi-linear
forms has the transcendence degree
[
1
2 dimE
]
. On the other hand functions tr(Sb)2k, where
k = 1, . . . ,
[
dimE
2
]
are GL(E)/Z2-invariant and algebraically independent. Hence, according to
Rosenlicht theorem (see [5]), these functions generate the field of rational GL(E)/Z2-invariants.
Remark. For the case of the real field R there is one more discrete GL(E)-invariant of bi-linear
form: signature of the symmetric part bs.
3.2 Generators of the field of rational G-invariants
Here we apply the results and constructions from the previous section for the classification of
the symbols σ : SkT ∗ → Hom(E,Et) over the complex field C.
Let q1, . . . , qN ∈ S
kT ∗ be an arbitrary homogeneous k-forms. Then their images σqi := σ(qi)
are bi-linear forms from Hom(E,Et). The group GL(E)/Z2 acts on such bi-linear forms by
formula (1).
Assume that all bi-linear forms σqi are non-degenerated. Put g := (σq1)s — symmetric
bi-linear form. Introduce operators Ai for i = 1, . . . , N by the following relations: A1 = S
g
and Ai = g
−1σqi for i ≥ 2. The dual operators with respect to bi-linear form g are denoted by
(Ai)g.
According to theorem 3, GL(E)/Z2-equivalence class of N -tuple (σq1 , . . . , σqN ) is uniquely
defined by GL(E)/Z2-equivalence class of (N + 1)-tuple (g,A1, . . . ,AN ) or, in another terms,
by Og(E)/Z2-equivalence class of N -tuple (A1, . . . ,AN ). It follows from theorem 3, that the
invariants of such tuples are generated by functions
JσI : (S
kT ∗)×N → R, JσI := tr(Xi1 . . .Xis),
where I = (i1, . . . , is) is multi-index of length s ≤ 2
dimE − 1 and Xij = Aij or (Aij )g (note
that (A1)g = −A1). So regular N -tuples of non-degenerated bi-linear forms (σq1 , . . . , σqN ) and
(σ˜q1 , . . . , σ˜qN ) are GL(E)/Z2-equivalent if and only if J
σ
I = J
σ˜
I , for all multi-indexes I of length
s ≤ 2dimE − 1. We call functions JσI the Procesi invariants.
Remark. In case of real field R there is one more discrete invariant on N -tuple (σq1 , . . . , σqN ),
i.e. the signature of symmetric form g.
4 Classification
In this section we use the rational GL(E)/Z2-invariants J
σ
I to classify regular G-orbits of the
symbols from Smbl(ξ, ξt).
4.1 General case
First of all consider the pair of bi-linear forms (σqi , σqj ) and corresponding operators (Ai,Aj).
The GL(E)/Z2-stabilizer of this pair of operators is trivial, if
(∗) operators Ai and Aj have distinct eigenvalues and [Ai,Aj ] 6= 0.
Indeed, if some element A ∈ GL(E)/Z2 preserves such operators Ai and Aj, then this operator
is scalar. But A is also orthogonal, so A = ±1.
Now consider GL(E)/Z2-orbit of the N -tuple (σq1 , . . . , σqN ) for N ≤
(
b+k−1
k
)
, which contains
at least two bi-linear forms σqi and σqj satisfying the condition (∗) for i, j ≥ 2. Then codimension
of such orbit equals Nm2 −m2 = (N − 1)m2.
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Remark. Note that the condition (∗) implies that N ≥ 3. Case N = 2 corresponds to the
trivial and non-interasting situation k = 1 and n = 2.
Also consider regular G-orbit of the symbol σ. Its codimension equals
(
n+k−1
k
)
m2 −m2.
Let F(q1, . . . , qN ) be a field of rational GL(E)/Z2-invariants of N -tuples (σq1 , . . . , σqN ),
where N ≤
(
n+k−1
k
)
. Then according to Rosenlicht theorem, field F(q1, . . . , qN ) is generated by
Procesi invariants JσI and the transcendence degree of this field equals
tr degF(q1, . . . , qN ) = (N − 1)m
2
(see [5]).
Also denote by F the field of rational GL(E)/Z2-invariants for the action on symbols. Then
we have
tr degF =
((n+ k − 1
k
)
− 1
)
m2.
We have field extensions F →֒ F(q1, . . . , qN ) for all N ≤
(
n+k−1
k
)
. If we take N =
(
n+k−1
k
)
,
then we get the algebraic extension, so the Prochesi invariants F σI for N -tuples (σq1 , . . . , σqN )
also generate the field F of rational GL(E)/Z2 invariants of the symbols.
Theorem 4. The field F of rational GL(E)/Z2-invariants of the symbols σ ∈ Hom(E,E
t) ⊗
S
kT ∗ is generated by Procesi invariants JσI for N -tuples (σq1 , . . . , σqN ), where N =
(
n+k−1
k
)
.
Let’s back to GL(T ) × (GL(E)/Z2)-classification of regular symbols σ ∈ Smbl(ξ, ξ
t). It
follows from theorem 4, that it is enough to describe the GL(T )-orbits of set {JσI } of Procesi
invariants. Note that we act by linear transformations not only on the arguments q1, . . . , qN of
the functions JσI , but on the symbol σ too.
First of all let us consider the action of scale transformations on the Procesi invariants. It
follows from the formula (1) that this action is trivial, i.e.
JµσI (λq1, . . . , λqN ) = J
σ
I (q1, . . . , qN ),
for all λ, µ 6= 0.
So the Procesi invariants are separately homogeneous (in variables qi and σ) of degree 0.
Therefore the the action of group GL(T ) on Procesi invariants in cases Et = E∗ and Et = E♭
coincide, i.e. the equivalence of the symbols in all these cases is given by the unique construction.
Remark. It is clear that the construction of Procesi invariants can be applied also for the case
of densities Et = Hom(E, (Λn)rT ), where r ∈ Q.
Let us return to the action of the group GL(T ) on Procesi invariants. We have seen, that
the numerators and denominators of these invariants are homogeneous polynomials of the same
degree. It is well-known (see, for example, [4]), that the GL(T )-stabilizer of such regular poly-
nomials is trivial, when their degree is more than 2.
We say, that symbol σ ∈ Smbl(ξ, ξt) is non-degenerated, if the condition (∗) holds for some
pair of points (qi, qj) in an N -tuple (q1, . . . , qN ) in general position and if there exists a Procesi
invariant, which numerator degree is more than 2.
Now we are ready to provide the G-equivalence of two non-degenerated symbols. We start
from the simple case of the first-order operators, i.e. when k = 1. Then N = n = dimT .
Take two tuples (σ, q1, . . . , qn) and (σ˜, q˜1, . . . , q˜n). If n-tuples (q1, . . . , qn) and (q˜1, . . . , q˜n)
are in general position, then there exists a unique transformation A1 ∈ GL(T ), which maps
the first tuple to the second tuple. So we may assume that we have two following tuples:
(σ, q1, . . . , qn) and (σ˜, q1, . . . , qn). Now assume that J
σ
I (q1, . . . , qn) = J
σ˜
I (q1, . . . , qn) for all multi-
indexes I. Then according to theorem 4 there exists a unique element A2 ∈ GL(E)/Z2, such
that A2 ◦ σ = σ˜. Hence, we get, that symbols σ and σ˜ are G-equivalent, i.e. (A1, A2) ◦ σ = σ˜.
As functions JσI are GL(E)/Z2-invariant, we get, that these functions separate the G-orbits of
non-degenerated symbols.
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Theorem 5. Two non-degenerated symbols σ, σ˜ ∈ Smbl(ξ, ξt) are G-equivalent if and only if
JσI ≡ J
σ˜
I , for all multi-indexes I.
The similar result holds for the symbols of differential operators of an arbitrary order. As-
sume, that n, k ≥ 2. Then N ≥ n+1. Note that we cannot take two general tuples (q1, . . . , qN )
and (q˜1, . . . , q˜N ) in this case, because such tuples may be non-equivalent with respect to the
action of the group GL(T ). But one can take two bases in T and all symmetric monomi-
als (q1, . . . , qN ) and (q˜1, . . . , q˜N ) of degree k. Such monomials form two bases in space S
kT ∗,
and these bases are GL(T )-equivalent. So we can always take the tuples (σ, q1, . . . , qN ) and
(σ˜, q1, . . . , qN ) generated by two bases on T and provide the same constructions as in case
k = 1. We call such tuples special.
So, we have the following theorem.
Theorem 6. Two non-degenerated symbols σ, σ˜ ∈ Smbl(ξ, ξt) are G-equivalent if and only
if for the special tuple (q1, . . . , qN ) in general position J
σ
I (q1, . . . , qN ) = J
σ˜
I (q1, . . . , qN ), for all
multi-indexes I.
4.2 Self-adjoint case
In this section we consider the special case of symbols σ : SkT ∗ → Hom(E,Et). More precisely,
we call symbol σ self-adjoint, if bi-linear form σq is self-adjoint.
As in general case, we take N -tuple (σq1 , . . . , σqN ) of self-adjoint bi-linear forms and associate
with each form σqi linear operator Ai := g
−1σqi , where i = 2, . . . , N and g := σq1 .
Remark. Operator Sσq1 in our case equals zero, so we will not take it into account.
It follows from theorem 3, that the invariants of our tuples are generated by functions
KσI : (S
kT ∗)×N → R, KσI := tr(Xi1 . . .Xis),
where I = (i1, . . . , is) is multi-index of length s ≤ 2
dimE − 1 and Xij = Aij or (Aij)g, where
ij ≥ 2.
Now consider GL(E)/Z2-orbit of the N -tuple (σq1 , . . . , σqN ) of symmetric bi-linear forms,
which contains at least two forms σqi and σqj , i, j ≥ 2 satisfying the condition (∗). Then the
GL(E)/Z2-stabilizer of N -tuple (σq1 , . . . , σqN ) is trivial. Then codimension of such orbit equals
N · m(m+1)2 −m
2.
Also consider regular G-orbit of the self-adjoint symbol σ. Its codimension equals
(
n+k−1
k
)
·
m(m+1)
2 −m
2.
All other constructions from general situation can be applied in our special case without any
changes. Summarize these results in the next theorem.
Theorem 7. 1. The field F of rational GL(E)/Z2-invariants of the symmetric symbols σ ∈
Hom(E,Et) ⊗ SkT ∗ is generated by Procesi invariants KσI for N -tuples (σq1 , . . . , σqN ), where
N =
(
n+k−1
k
)
.
2. Two non-degenerated self-adjoint symbols σ, σ˜ ∈ Smbl(ξ, ξt) are G-equivalent if and only
if KσI ≡ K
σ˜
I , for all multi-indexes I.
4.3 Skew-symmetric case
Finally, we consider another special case of symbols σ : SkT ∗ → Hom(E,Et). Namely, we call
symbol σ skew-symmetric, if bi-linear form σq is skew-symmetric.
As in general case, we assume that dimE = m = 2r is even and take N -tuple (σq1 , . . . , σqN )
of skew-symmetric non-degenerated bi-linear forms and associate with each form σqi linear
operator Ai := ω
−1σqi , where i = 2, . . . , N and ω := σq1 .
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It follows from theorem 3, applying to the symplectic group Spω(E) (see [2]), that the
invariants of our tuples are generated by functions
LσI : (S
kT ∗)×N → R, KσI := tr(Xi1 . . .Xis),
where I = (i1, . . . , is) is multi-index of length s ≤ 2
dimE − 1 and Xij = Aij or (Aij )ω, where
ij ≥ 2.
Now consider GL(E)/Z2-orbit of the N -tuple (σq1 , . . . , σqN ) of skew-symmetric bi-linear
forms, which contains at least two forms σqi and σqj , i, j ≥ 2 satisfying the condition (∗). Let
us prove that the GL(E)/Z2-stabilizer of pair (σqi , σqj ) is trivial.
Put α := σqi and β := σqj — skew-symmetric bi-linear forms. Denote A := Ai and B := Bj,
i.e. α(x, y) = ω(Ax, y) and β(x, y) = ω(Bx, y) for all x, y ∈ E. Then
ω(Ax, y) = α(x, y) = −α(y, x) = −ω(Ay, x) = ω(x,Ay),
i.e. A = Aω.
Recall, that Pfiffian Pf(α) of the form α is defined by relation α∧r = Pf(α)ω∧r.
With the help of Pfaffian one can calculate eigenvalues of the skew-symmetric forms. Namely,
consider the equation Pf(ω − λα) = 0. Assume that this equation has r distinct roots λ1, . . . ,
λr. The corresponding eigenspaces E1, . . . , Er have dimension 2 and decompose space E in the
direct sum E =
r⊕
i=1
Ei, and A |Ei= λi · 1.
Note that if ei ∈ Ei and ej ∈ Ej are two arbitrary eigenvectors for i 6= j, then
λiω(ei, ej) = ω(Aei, ej) = ω(e1,Aej) = λjω(ei, ej),
hence, ω(ei, ej) = 0 for all ei ∈ Ei and ej ∈ Ej.
Now let C ∈ Spω(E) be non-trivial operator, which commutes with operator A. Then let
Ci := C |Ei and ωi := ω |Ei be the restrictions of operator C and skew-symmetric form ω on
space Ei. Hence Ci ∈ Spωi(Ei) and there exists an eigenbasis {ei, fi} of operator Ci on space Ei.
So we construct the common eigenbasis {e1, f1, . . . , er, fr} for operators C and A. In the
same way one can construct the common eigenbasis for operators C and B. Finally, we get, that
operators A and B have common eigenbasis, which is impossible, because [A,B] 6= 0.
Now consider GL(E)/Z2-orbit of the N -tuple (σq1 , . . . , σqN ) of skew-symmetric bi-linear
forms, which contains at least two forms σqi and σqj , i, j ≥ 2 satisfying the condition (∗). It
follows, that codimension of such orbit equals N · m(m−1)2 −m
2.
Also consider regular G-orbit of the skew-symmetric symbol σ. Its codimension equals(
n+k−1
k
)
· m(m−1)2 −m
2.
All other constructions from general situation can be applied in our special case without any
changes. Summarize these results in the next theorem.
Theorem 8. 1. The field F of rational GL(E)/Z2-invariants of the skew-symmetric symbols
σ ∈ Hom(E,Et)⊗SkT ∗ is generated by Procesi invariants LσI for N -tuples (σq1 , . . . , σqN ), where
N =
(
n+k−1
k
)
.
2. Two non-degenerated skew-symmetric symbols σ, σ˜ ∈ Smbl(ξ, ξt) are G-equivalent if and
only if LσI ≡ L
σ˜
I for all multi-indexes I.
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